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23 June 2017

Exam Problem Sheet

The exam consists of 5 problems. You have 120 minutes to answer the ques-
tions. Give brief but precise answers. You can achieve 50 points in total which
includes a bonus of 5 points.

1. [3+3+3 Points.]
Each of the following one-dimensional systems depends on a parameter a € R. De-
scribe the bifurcations involved, sketch the corresponding bifurcation diagrams, and
classify the bifurcations.
(a) *’ = 2% — az
(b) 2’ =12° —az
(c)r'=2>—z+a
2. [9 Points.]
Consider the planar system

;22 b
(%)

Sketch the regions in the a—b plane where this system has different types of canonical
forms. In each region give the canonical form and sketch the phase portrait of the
system in canonical form.

3. [3+3+3+2 Points.]
Let V : R® = R be a C* function. Then the system

X' = -VV(X) (1)
is called a gradient system (here VV(X) = (—B%V(X ),...,E%V(X )) with X =
(z1,...,2,) € R™). It is clear that the equilibrium points of a gradient system are

given by the critical points of V.

(a) Show that if X is not an equilibrium point, then V' is strictly decreasing along
the solution curve through X.
— please turn over —




b) State the definition of asymy totié stability for the equilibrium point of a time
ymp Y
continuous system.

(c) Show that if X* is an isolated minimum of V' then X* is asymptotically stable.
What can you say about the basin of attraction of X™* in this case?

(d) What are the conditions on V' at an equilibrium point X* to conclude stability
from the linearization of the gradient system at X*?7

. [4+4 Points.]

Consider the planar system
r=r—7
9 =1,

where (r,6) are polar coordinates.

(a) For each point in the plane, identify the o and w limit sets.

(b) State the Poincaré-Bendixson theorem and use it to show that the system has a
limit cycle.

. [4+4 Points.]

Consider the discrete time system n41 = fi(@s), where fy : R — R for each
parameter A € R and fy(z) is a smooth function of z and A. Prove that if the
system has a fixed point z* for Ay with l Fio (a:*)i < 1, then there is an interval I
about z* and an interval J about Aq such that, if A € J, then

(a) fx has a unique fixed point which is a sink in I, and
(b) all orbits Zp41 = fa(z,) with starting point zo € I converge to z* for n — co.
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